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RECENTLY exciting progress has been made on the topological properties of minimal 
surfaces. The most important of the new results concern embedding properties of 
least area surfaces in three dimensional manifolds. For example, the embedding 
theorems of Meeks-Yau have been applied to classify compact group actions on three 
dimensional euclidean space, to prove the embedding of the classical Plateau’s 
problem for an extremal Jordan curve in W3, to prove the Bridge Principle, to prove 
extremal Jordan curves with total curvature less than or equal to 47r bound a unique 
compact branched minimal surface and to prove other interesting theorems in three 
dimensional topology and geometry (see [7-13,211). Also, quite recently, the author 
and de Melo Jorge in [3] have proved a large number of new theorems concerning the 
topology of complete minimal surface of finite total curvature. 
This paper concerns the question of the uniqueness of the topological placement 
of certain minimal surfaces in euclidean three space. This research on minimal 
surfaces has led to the discovery of more general results in the classical theory of 
surfaces in euclidean space. The main result of the paper is Theorem 1 which is a 
statement about the topological uniqueness of certain compact surfaces with boun- 
dary. Theorem 1 is proved using elementary ideas from Morse theory and geometric 
topology. As easy corollary to Theorem 1 is the following 
COROLLARY. Suppose M, and M2 are compact homeomorphic embedded minimal 
surfaces in R3. If the boundary of MI and of M2 is a fixed extremal Jordan curve, then 
M, and M2 are isotopic. Nontrivial examples of minimal surfaces exhibiting the 
properties in this corollary appear at the end of 92. 
Numerous other applications of Theorem 1 are given in 31. Some of these 
applications also follow from the work of Morton[14]. Morton’s results were found 
independently and depend on the deep result of Waldhausen which states that 
Heegard splittings of the three-dimensional sphere are standard. In 02 we generalize 
the earlier stated corollary. However, the results in 92 do depend on Waldhausen’s 
theorem. 
In 03 we give a Morse theoretic analysis of the complement of a codimension-one 
submanifold of R” which has non-positive sectional curvature. As a corollary of this 
analysis, we give a positive solution to Conjecture 28 in [7] which states that a 
complete proper minimal surface in a complete simply connected three-dimensional 
manifold of non-positive sectional curvature disconnects the space into two com- 
ponents with free fundamental groups. 
In 04 we extend the earlier stated corollary concerning the topological uniqueness 
of compact minimal surfaces whose boundary is a single extremal Jordan curve. We 
prove that if M is a complete proper embedded minimal surface in R3 which is 
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diffeomorphic to a compact surface punctured in one point or to the sphere punctured 
in two points, then M is standardly embedded up to isotopy. 
All of the theorems that appear here in 01 and 2 are also contained in Chapter 5 of 
the author’s book “Lectures on Plateau’s Problem”[7]. The author refers the inter- 
ested reader to his book for further discussion of minimal surfaces and the deep 
unsolved problems on the topological properties of minimal surfaces. 
01. TOPOLOGICAL UNIQUENESS OF CERTAIN SURFACES 
THEOREM 1. Suppose yl, y2, . . . , yn are a collection of disjoint Jordan curves in the 
xy plane PO in R3 and a is a Jordan curve on the parallel plane P, = (O,O, 1) + PO. Let 
H(x, y, z) = z be the height function in R3. Suppose M, and M2 are two smooth 
embedded compact connected homeomorphic surfaces contained in the region N 
between the parallel planes PO and P, and suppose these surfaces have boundary 
curves ~1, ~2,. . . , yn, (Y. If HIM, and HIM2 are Morse functions without critical points 
on the boundary and without critical points of index 2, then MI and M2 are isotopic 
rel(8N) through smooth surfaces without local maximums with respect to H. 
Proof. The theorem will be proved by a series of reductions of the problem and 
simplifications of the surfaces MI and M2. It is suggested that the reader who is not 
familiar with elementary Morse theory consult the first chapter of the excellent 
text[lS] for an introduction to many of the constructions given here. We will now 
commence the proof of the theorem by showing we may make certain geometric 
assumptions about our surfaces M1 and M2. The reader should note that isotopy in 
this proof will always mean isotopic through smooth surfaces without local maxi- 
mums with respect to the height function H: R3+R. 
ASSUMPTION 1. The critical points of H((M, U M2) have distinct heights. 
Since there are only a finite number of critical points of HIM, and of HIM2, after a 
small “vertical” isotopy of M, and M2, that is the identity outside a small neighbor- 
hood of the critical points, we may create new surfaces MI and M; with the following 
properties 
(1) M: is ambiently isotopic Mi for i = 1,2. 
(2) HIM{ is a Morse function with the same number and type of critical points as 
H(Mi for i = 1,2. 
(3) The critical points of H((M, U M2) have distinct heights. 
The existence of M; and M; with the above properties follows from the non- 
degeneracy of the critical points of HIMi for i = 1, 2. 
ASSUMPTION 2. Suppose p E Mi (i = 1, 2) is a critical point of index 1. If E > 0 is 
suficiently small and B,(p) is the e-ball centered at p, then B,(p) n Mi = 
(B,(P) n {<x, Y, -2 + y2) + P)~x, Y E R). 
. By compactness of Mi and the fact that Mi is smooth and embedded it can be seen 
that the intersection of a small ball B,(p) with Mi is a graph over the xy plane. By the 
argument given in the proof of Morse’s Lemma, we can pick a coordinate system 
(u, v) in a small neighborhood UC Mi of p so that HIU = H(p)- u2+ v2. 
Suppose that S is small enough so that B,(p) n M is contained in U. With an 
ambient isotopy that fixes p, does not introduce a new critical point, and is the identity 
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outside a ball B,,(p), we can move the surface B,(p) fl M to be the graph of the 
function -x2+ y2+ H(p), for some E with 0 < E < 6. The proof of the existence of 
such an ambient isotopy is elementary and we leave the proof to the reader. 
ASSUMPTION 3. M, and M2 are minimal counterexamples. That is to say H/M, has 
the minimum number of critical points such that there exists an M2 satisfying the 
hypothesis of the theorem and M, and M2 do not satisfy the conclusion. Similarly once 
MI is chosen, a minimal Mz is chosen for MI. In our choice of MI and M2 we do not 
restrict ourselves to the Jordan curves yl, y2,. . . , yn but pick a minimal M, that arises 
from all finite collections of disjoint Jordan curves in the plane PO. 
ASSUMPTION 4. The Jordan curve a is the circle (Y = {x, y, 1)1x2 + y2 = 1) and 
(HIM,)-‘([l - l , 11) = {(x, y, 2)1x2 + y2 = 1, z E [l - E, 11) for some E > 0. 
By the Jordan curve theorem the Jordan curve (Y is the boundary curve of a closed 
disk D. After a horizontal translation of M, and M2, we may assume that the point 
(O,O, 1) lies in the interior of the disk D C PI bounded by the Jordan curve (Y. Since 
there are no critical points of M, and M2 in some neighborhood of P,, the intersection 
of Mi with the plane H-‘(r) for r close to 1 is a smooth Jordan curve CQ for i = 1, 2 
which depends differentiably on r. 
Since the curves CI; depend in a differentiable way on r, there is some small 6 > 0 
so that there is a unique geodesic a(cyl’(u)): [0, l]-+ H-‘(r) which minimizes the 
distance from p E air to the curve CY** for r E [l - 26, I]. Since the geodesics a(p) are 
minimal and unique, they are also disjoint and vary continuously with respect to the 
point CI,~(U) and r E [l - 2&l]. We may also assume that the geodesics a(~,‘(u)) are 
also disjoint for u in some larger interval [ - E’, I+ E’] for some E’ > 0. 
Recall that N is the region in R3 between the planes PO and PI. Let R,: N + N be a 
level preserving isotopy with respect to H and defined for t E [0, l] such that 
R,(alr(u)) = a(a,‘(u))(t) and R,laN = idaN. 
The construction of such an R, is straightforward. Thus after a level preserving 
isotopy we may assume that M, and M2 agree in a small neighborhood of the plane P,. 
After a similarly defined isotopy we may assume that the curves (Ye’ = a2’ = 
(Y - (0, 0, 1 - r) for r E [l - 6, 11. After another straightforwardly defined level 
preserving diffeomorphism F: N + N, we have 
F(cr,‘) = F(aZr) = {(x. y, r)lx2 + y2 = l} 
and hence F(M,) and F(M,) satisfy the conditions in the assumption. 
Suppose now that there is a diffeomorphism h: N + N with hIaN = iddN and 
h(F(M,)) = F(M,). Then M2 = F-‘ohoF( where (F-‘ohoF)(aN is the identity map 
on aN. Also the number of critical points of HI(F(Mi)) is equal to the number of 
critical points of HIMi since F is a level preserving diffeomorphism. Thus F(M,) and 
F(M,) are two minimal counterexamples given in Assumption 3 if M, and Mz are 
minimal counterexamples. Putting these facts together, we have shown that we may 
make Assumption 4. 
ASSUMPTION 5. The Jordan curve 3/k in {y,, y2,. . . , y”} is a circle centered at the 
(0, mk, 0) in PO for some integer mk and the radius of 3/k is less than or equal the radius 
of the circle yk+l. Furthermore, (HIM,)-‘([OF l ]) consists of cylinders of height l over 
the circles yl, y2, . . . , y” for some E > 0 and i = 1,2. We may also assume that when 3/i 
is contained in the interior of the disk Di+k in PO bounded by yi+k, then 3/i lies in the left 
half of Di+k. 
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The argument given in the previous assumption generalizes directly to prove that 
we may make this assumption for the minimal counterexamples. 
ASSUMPTION 6. H/M, has some critical point. 
If HIM, has no critical point, then by Assumption 3 HIM, also has no critical 
points. This immediately implies that n = 1 and MI and M2 are cylinders which 
intersect each plane H-‘(r) in a Jordan curve for r E [0, I]. Rather straightforward 
arguments show that Ml and M2 are isotopic in the region N between PO and PI. Thus 
we may assume that for minimal counterexamples, HIM, has some critical point. 
With these assumptions we can begin the main steps in the proof of the theorem. 
Our proof will be by contradiction. Suppose now that the theorem fails and let MI and M2 
be fixed minimal counterexamples as given in Assumption 3. 
ASSERTION 1. For i = 1,2, (H/M,)-‘([l - r, 11) is connected for every r. 
Proof. Suppose (HIM,)-'([l - r, 11) is not connected. Let X be a connected com- 
ponent of (HIMi))'[l - r, l] which does not contain the circle (Y. Since Mi is compact 
and (H/M,)-‘([l - r, 11) is a closed subset of Mi, the subset X is compact. Hence H/N has 
a maximum at some point p E X. It is readily seen that p is local maximum for HJX 
and p is a point in the interior X. This contradicts our assumption that HIMi has no 
critical points of index 2 and thus proves Assertion 1. 
ASSERTION 2. If MI and M2 are planar domains, then HIMi for i = 1,2 does not 
have a critical point of index 0. 
Proof. If we can show that when Ml has a critical point of index 0 that M, is 
isotopic to an M; satisfying the hypothesis of the theorem with respect to H and so 
that HIMi has two less critical points, we will have reduced the number of critical 
points of Ml in its ambient isotopy class. This will show MI does not satisfy the 
minimal condition. Hence HIMI, and similarly HIM,, could only have critical points 
of index 1. Assume now that Ml has a critical point of index 0. 
Let p E Ml be the critical point of index 0 for H/M, such that A = H(p) has the 
greatest value. Now consider the intersection of the planes H-‘(r) with the surface Ml 
for all values of r > A. Except for r a critical value of HIM, we have H-‘(r) f~ Ml is a 
collection of disjoint Jordan curves which for close values r > A vary in a continuous 
way on the planes H-‘(r). It is clear from the Morse lemma that for values r slightly 
greater than A there is a Jordan curve (Y, in H-‘(r) which bounds a disk D,(r) on M, 
which contains the point p. Since (Y, is a Jordan curve in a plane, (Y, also bounds a disk 
D*(r) in the plane H-‘(r). 
By Assertion 1 the set H-‘([A, 11) is connected and hence for some smallest value 
of T the circle q will touch another circle Pr C H-‘(T) f~ M, at some critical point q 
for HIM, or else there is a first time T when two points on (Y, for r < T come together 
to form a figure = or a circle inside a circle 6 in the plane H-‘(T). 
Case 1. At the critical level T two points on (Y, for r < T converge to form an 
embedded = or 6 in the plane H-‘(T). Let 6, and a2 be the two circles in 30 or 6. 
Since the critical point q has index 1, Assumption 2 shows that for any small value 
r > T these circles separate to form two circles 6,(r) and &(r). Since H-‘([r, 11) fl Ml 
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is connected by Assumption 1, there is a Jordan arc TV: [0, l] +(H]M,)-‘([r, 11) such 
that 71 is transverse to ai and S?(r) on MI and ~~(0) E al(r) and r,(l) E &(r). Since 
we can join any point on 6,(r) or S*(r) with the point 4 in the set (HIM,)-‘([O, r]), there 
is another Jordan arc r2: [0, l]+(H(M,)-‘([O, r]) which is transverse to S,(r) and t%(r) 
and which has ~~(0) = 7,(l) and ~(1) = ~~(0). Hence the composite Jordan curve 7,~: 
S’ + M1 intersects the circle S,(r) transversely in a single point. Since this implies Ml 
is not a planar domain, case 1 cannot occur. 
Case 2. The Jordan curves ay, for r < T converge at one point p with some other 
family of Jordan curves pr C H-‘(r) fl M, to form topologically a cc or 6 in the plane 
H-‘(T). The limiting Jordan curve (Y r bounds a disk D1 on the surface M, which 
contains the critical point p. Also LYE bounds a disk D2 on the plane H-‘(T). Now 
consider the part of MI contained in the interior of the ball B bounded by the sphere 
D1 U 4. If (int(B)) n M, is nonempty, consider a component A in (int(B)) fl Ml. The 
height function H/A certainly has a minimum at some point a E A. Since H(a) > 
H(p), this gives a contradiction to our choice of p as a critical point of index 0 with 
H(p) having the greatest value. Hence the interior of B is disjoint from Mr. 
Since the interior of B is disjoint from Mr, the disk D1 is isotopic to D2 in (B-M) 
with boundary fixed. After smoothing off this isotopy along (Ye and pushing the disk 
Q up a little bit, one can cancel the critical points p and q. In other words, after an 
ambient isotopy which takes place in an arbitrarily small neighborhood of the ball B, 
we have a new surface M;, ambiently isotopic to MI, which satisfies the hypothesis of 
the theorem and such that the number of critical points of HIM; is less than the 
number of critical points of HIM,. This gives a contradiction to our minimal choice of 
Ml. This contradiction completes the proof of Assertion 2. 
ASSERTION 3. The surface Ml and M2 are planar domains. 
Proof. Note that if Ml is not a planar domain, then the first Betti number of Ml is 
greater than n where n is the number of circles -yl, . . . , -yn in the plane PO. Using the 
Morse inequalities, this fact about the first Betti number of MI implies that the 
number of critical points of HIM, is greater than (n - 1). In fact the Morse inequalities 
imply that there is a critical point p E Ml for HIMI of index 1 so that the number of 
Jordan curves in H-‘(A + t) n Ml is greater than the number of Jordan curves 
H-‘(A - t) n Ml where A = H(p) and 0 < t < E. Here E is small enough so that the 
point p is the unique critical point for H((HIM,)-‘([A - E, A + E]). 
Thus at the critical level A, a component of the intersection of MI with the plane 
H-‘(A) is a figure 00 or 6 where p is the singular point and this figure becomes two 
distinct circles a, and p, for r E (A, A + E]. We will show that the figure m case is 
impossible. A similar argument will prove that the other case is also impossible. The 
proof of this second possibility will be left to the reader. 
The Jordan curves (Y, and pr bound disks Q(r) and Ill(r) respectively in the planes 
H-‘(r). Since (HIM,)-‘([r, 11) is connected, our minimal choice of Ml implies that any 
surface MI bounding the Jordan curves H-‘(r) n M and (Y and which satisfies the 
conditions in the theorem is ambiently isotopic to (HIM,)-‘([r, 11) relative to the 
planes H-‘(r) and P, = H-‘(l). We will now choose a particular representative Mi. 
First consider any “standard” examples of planar domains A, bounded by the 
curve CQ+, and the curves in D,(r) n Ml and A2 bounded by pA+s and the Jordan 
curves in Q(r) rl Ml. Here r E (A, A + E) is fixed and A, and A2 are assumed to satisfy 
the conditions in the theorem and to have the minimal possible number of critical 
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points. The planar domains Al and A2 can be extended above the level H-‘(A + E) to 
be part of a surface MI diffeomorphio to Ml and having the minimal possible number of 
critical points and satisfying the hypothesis of the theorem with respect to the Jordan 
curves H-‘(r) rl Ml and (Y. By minimality of Ml, M; is ambiently isotopic to 
(HIM,))‘([r, 11) relative to the planes H-‘(r) and PI. This shows MI is isotopic to 
M’/ = M; U (H(M,))‘([O, r]) and HIM’/ has no more critical points than HIM,. 
By making appropriate choices for the planar domains A, and A2 given above, we 
can change the surface M’,’ by sliding the connections of the Jordan curves inside of 
D,(r) and D*(r) below the critical level A by an ambient isotopy. In other words we 
may assume that for our original example Ml there is a continuous family of Jordan 
curves 6, C H-‘(t) II Ml for small t < A that converge to the Jordan curves LYE U PA and 
such that the disk D(t) bounded by 6, on the plane H-‘(t) has the property 
D(t) n Ml = 8, for t E (A - E, A). 
Now consider the surface MI = (HIM,)-‘([A + E, 11) for E sufficiently small so that 
B,(p) rl Ml also satisfies Assumption 2. By minimality of Ml, M; is standardly 
embedded up to ambient isotopy. Consider the standard example which first connects 
the parts of the circles (Y, and PI lying in B,(p) for r close to A. In fact this can be 
achieved by quickly shrinking the curves LY, and attaching the tube T formed by these 
new Jordan curves to the cylinder formed by the Jordan curves p, (see Fig. 1 below). 
Thus the surface Mr is ambiently isotopic to a surface with a handle T attached to 
the cylinder formed by the 6, curves and the pr curves. One can shrink this handle by 
a diffeomorphism that preserves the level sets of H and is the identity outside the 
union of small neighborhoods of the disks D,(r) and B,(p). After shrinking T 
sufficiently we can slide this handle up along the cylinder formed by the Jordan curves 
p,. In fact by choosing a Jordan arc 7: [0, l]+ Ml with r(O) E PI+E and ~(1) very close 
to the curve (Y in P,, we can slide the small handle T within the neighborhood of P, 
where the surface A4 is given by vertical translations of the circle (Y (see Assumption 
4). 
Thus, after an ambient isotopy, the surface Ml will move to a surface MI with a 
trivial handle attached on the “outside” of the cylinder C formed by the vertical 
translates of (Y. We may assume this if the original singular component in H-‘(A) n Ml 
was co. (If instead the singular component was 6 , then a similar proof gives an M; 
with a trivial handle attached on the “inside” of C.) Whether one attaches a handle on 
the “inside” or the “outside” of C, the two possible surfaces are easily shown to be 
isotopic. 
Fig. 1 
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By the process of creating handles, one can assume after an isotopy that the 
surface M, consists of a cylinder C e-close to PI with some number of handles 
trivially attached and that below this region one has the surface (HIM,)-‘([O,.I - ~1) 
satisfying the conditions of the theorem relative to the planes PO and H-,(1 - E). 
Furthermore, the surface M’ = (HIM,))‘([O, 1 -E]) is a planar domain with HIM’ 
having fewer critical points. This shows M’ is standard and hence Ml is isotopic to a 
“standard” example. A similar argument shows M2 is isotopic to a “standard” 
example. Thus M1 and Mz are ambiently isotopic which proves Assertion 3. 
From this point on, we can assume that Ml and M2 are planar domains. To prove 
that M1 is isotopic to M2 it is sufficient to show that Ml and M2 are ambiently isotopic 
to a “standard example” of a planar domain satisfying the hypotheses of the theorem. 
We will now give a definition of a standard example of a planar domain that is usable 
and for which it is easily shown that any two standard examples are ambiently 
isotopic. 
First consider the cylinder Cl of height l/2 over the circle y, centered at (0,O) (see 
Assumption 5) which is given by the circles y, + (O,O, t) for t E [0, l/2]. Next extend 
the cylinder in a differentiable way to join with the circle (Y (see Fig. 2). Next consider 
the cylinder C, of height l/3 over the circle y2 given by the circles y2 + (O,O, t) for 
t E [0,1/3]. Then join the cylinder C, directly to the cylinder C1 by a thin tube T, so 
that it tilts somewhat in the direction (0, - l,O). Now continue this process of creating 
a cylinder Ck of height l/(k + 1) over the circle yk and then join C, by a thin tube to 
the previous cylinder in the (0, - 1,0) direction. At the stage n of this construction 
one has a “standard example” of a planar domain with boundary curves LY and 
Yl, 7%. . . 7 -yn which satisfies the hypotheses of the theorem. 
We will now complete the proof of the theorem by showing that M1, and similarly 
MZ is isotopic to a standard example. To see this consider the critical point p E Ml for 
H/M1 with the smallest value A = H(p). Therefore H-‘(r) fl M, is a collection of n 
disjoint Jordan curves y,‘, . . . , ynr which vary differentiably for r E [0, A). Here we 
will assume ylo = y,, . . . , -yno = -yn are the original Jordan curves in the plane PO. 
Since the curves ylr, . . . , ynr vary smoothly with r, these curves arise from a 
one-parameter family of diffeomorphisms fr: R2+W2. In other words, y{(f) = 
(m(n’(t)), r) = (fr(ro(t)), r) where 7r: R3+W2 is orthogonal projection on the xy plane 
Fig. 2. 
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R*. Because MI is a planar domain with all critical points of index one, two circles 3/i 
and -y: come together as r approaches A to form m or 6 in the plane K’(h). 
By Assumption 2 we may assume that E is small enough so that &(p) rl M, is the 
graph given in Assumption 2. This assumption implies for r sufficiently close to A, the 
Jordan curves y{ and 7; approach each other in a well-defined manner near the 
critical point p. Now consider the disk D’ in W3 which is the intersection of the plane 
P = {(x. yo, 2)/x, z E FP, y. is the y coordinate of the point p} with the regions 
and 
R, = {(x, y, z)lz z A - E} 
R2={(x,y,z)+plz~ -x’+y*} 
(see Fig. 3). 
Let r be the arc of intersection of D’ with the plane H-‘(A - E). Note that the end 
points of r are in the Jordan curves y?-’ and -y-’ and that the interior of r lies in the 
complement of the curves y:-‘, . . . , $’ on the plane K’(A -E). Now consider the 
continuous family of arcs given by rr = C~&!.(T), r) for r E [O, A -E]. The union of 
these arcs rr together with the disk D’ gives rise to a piecewise differentiable disk D”. 
After a small perturbation of D” near the arcs r and r. we may assume that there is a 
smooth disk D in R3 satisfying the following property. 
(1) D fl H-‘(r) for r E [0, A) is a Jordan arc TV that joins a point on y{ to a point on 
y/ and the interior of rr is disjoint from the other Jordan curves in ylr, . . . , y,,’ and 
D = ,$ Ajrr U (~1. 
After an appropriate isotopy of D through disks Dt satisfying property (l), we may 
choose D so that the isotopy class of r. is simplest. To be precise, we may assume r. 
satisfies the following conditions. 
(2) The tangent vector 76(t) is never zero and is parallel to the x axis the least 
possible number of times. 
(3) r. has the least number of intersections in its isotopy class as a map of pairs 
Fig. 3. 
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with the lines 
Lk = {(t, mk, 0)Jt 5 0, mk as in Assumption 5) 
for k = 1,2,. . . , n. 
(4) The arc 7r = T,, + (0, 0, r) for I E [0, E] where E is the E given in Assumption 5. 
We now give a proof of the following 
ASSERTION 4. After an isotopy of the minimal example MI, the disk D described 
above and the surface M, satisfy the following additional assumptions. 
(5) If OTT: W3+W2 denotes orthogonal projection on the plane PO, then ~(0) = 7. and 
(r[D-‘(x) is a connected interval. 
(6) There is a small S > 0 and 6 < E so that the curves ykr = yk + (O,O, r) for 
r E [O,A+4S] fork#i,j. 
(7) ‘y: = 7: +(O,O, r) and y/ = y/ + (O,O, r) for r E [0, A - 61 and (y;#yj)’ = 
(yi#yl) + (0, 0, r) for r E [A + 6, A + 481. Here yi#yj denote the connected sum of yi and 
‘yi along the arc r. in the plane PO. The connected part of M1 bounded by the curves 
y;-“, $6 and (yiYi#3/i)*\+’ will hence forth be referred to as “the bridge” because of its 
bridgelike appearance. ((Note A is the A after the isotopy). 
Proof. Let X be the union of the curves 7; where r E [0, A] and k is different from 
i and j. Since X and D are compact and disjoint, the distance from X to D is less than 
a small positive number 3d. 
Now consider the strip S which is a small regular neighborhood of the intersection 
of the disk D with the surface H-‘[e/4, 11. After an isotopy of M which is the identity 
outside a 2d neighborhood of D and which slides the strip S down into the region 
H-‘[e/4, E], we have a new disk which satisfies (5-7). In fact, the new disk is part of 
the previous disk D. See Fig. 4 for a surface M, and a disk D which satisfies this 
assertion. 
ASSERTION 5. Suppose Dk is the disk bounded by yk in the plane PO. If Dk is disjoint 
from yi and yj, then the interior of Dk is disjoint from the minimal example M,. 
Fig. 4. 
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Proof. After an isotopy, assume that MI satisfies the conditions of assertion 4. 
SUppOSe that the curve yk+l iS contained in the disk Dk and let yk+], yk+2, . . . , yk+r be 
the circles contained in the disk Dk+, bounded by 3/k+l. Let C be the cylinder over 3/k in 
the region H-‘([O, A + 481). 
Now consider the standard example A of a planar domain with boundary circles 
AjZ and yAkI?, -y:$, . . . , y:ZP contained in the region between the planes H-‘(8 + A) 
and H-r@ + 26). By minimality of M,, the surface MI = (H(M,)-‘([A + 6, 11) is stan- 
dard up to isotopy. Now construct a particular example of MI with curves being cy 
and (H/MI)-‘(A + 6), which is made by first forming the planar domain A and then 
connecting the top circle y:+C:* of A to the side of C by a thin tube T in the region 
H-‘([A +26, A +36]). Form T so that it projects orthogonally onto a small neighbor- 
hood of the set {[0, t, 0)Jt 5 mk+r} U D k+, in the plane PO. The connections of the other 
curves in (HIM;)-‘(8 + A) are made by taking cylinders of height 38 over these 
curves. Next join these cylinders by thin tubes of the cylinder C and then connect C 
to the curve (Y. 
The surface G, = MI U (HIM,)-‘([O, 8 + A]) is isotopic to M, and has a simple 
appearance in the region H-‘(0, A +3S). Now slide the tube T together with the planar 
domain A down the side of the cylinder C and below the plane H-‘(A - 8). After the 
end of this isotopy we have a new surface A?, which is isotopic to M, and in the 
region H-‘([O, A - S]) has a very simple appearance. By minimality of && the surface 
(H/fir)-‘([A - 6, 11) is isotopic relative to the planes H-‘(A - 8) and PI to a standard 
embedded surface MI. It is straightforward to show that A&= 
M; U (Hjti,)-‘(IO, A - S-J) is isotopic to a standard example. On the other hand, & is 
isotopic to i&f, and so M, is isotopic to a standard example contrary to our assumption 
about Mr. This contradiction proves the assertion. 
Using the same argument as in Assertion 5 one can prove the following and its 
proof will be left to the reader. 
ASSERTION 6. If Dj is contained in Di, then the interior of Dj is disjoint from Ml. 
Since the surface (HjMJ’/([A +2S, 11) is standard up to isotopy, it is not difficult 
to prove that M, is isotopic to a standard example when the arc 7. is disjoint from the 
lines &={(t,mk,O)(tsO} for k=l, 2 )...) n. We will leave this construction to the 
reader. What we will now prove is that one can decrease the number of points in 
TO fl b Li 
i=l 
by an isotopy of the original Ml. In other words, we will show that after an 
appropriate isotopy there is a new arc T; joining yi and yj where 7; satisfies conditions 
(l-4) given earlier and 
If we can prove the existence of r’, then by induction we will have a proof of the 
theorem. 
If some line Lk’ intersects r. nontrivially, then we may assume there is another k, 
possibly equal to k’ so that 7. intersects Lk and the disk Dk bounded by yk does not 
intersect the disk Di or the disk Dp Let x be the first point where Lk intersects TV. Let 
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(+ be the arc on Lk that joins the point x E 7. with the circle yk. Note that the surface 
MI = (H/M,)-‘([A + 2S, 11) is the unique planar domain (up to isotopy satisfying the 
conditions in the theorem) with these boundary curves. Also by Assertions 4-6 the 
surface (HIM,)-‘([O, A + 2S]) has a special appearance. 
We will now consider a special example M;’ of a planar domain with boundary 
curves I = (HIM,))‘(A + 2s) and LY. In a neighborhood of the plane H-‘(A + 26) we will 
assume that M’,’ is given by vertical translates of its boundary curves I. Now connect 
the various cylinders above the circles in I by thin tubes in the region H-‘([A + 36, 
A +4S]) to the cylinder C above (yifyi)“+*’ and then later connect this cylinder with (Y 
to produce a surface satisfying the appropriate conditions in the theorem. However, 
now vary this connecting procedure for the cylinder above y:+” as follows. In the 
region H-‘([A + 26, A + 3S]), first connect -yi+*” to the cylinder C by a thin tube T 
which projects on to a small neighborhood of the arc u in the plane PO together with 
the disk bounded by yk in this plane. Assume now that Ml has the form described 
here. 
Now slide the tube T together with the curves ykr for r E [A - 6, A + 261 down the 
cylinder formed by the curves (n#n)’ for r E [A, A + 361 and then under the bridge 
formed by the circles 7: U r[ for r E [A - 6, A). Now slide this tube T up the “other” 
side of the cylinder C. 
After the isotopy described in the previous paragraph, one has by direct con- 
struction that there is a new disk D’ satisfying the conditions (l-4) and D’ n PO is a 
curve it) satisfying the following additional properties 
(a) 76 n L, = r. n L, for m # k 
(b) 7;) n Lk = (70 n Lk) -{x}. 
Thus after various isotopies we may assume that the arc r. is disjoint from the lines 
Ll, . . . , L,. As remarked earlier, this is sufficient to show M, is standardly embedded 
after an isotopy. This now implies Theorem 1. 
COROLLARY 1. Suppose CY is a smooth Jordan curve on a plane PO in R3 and 
Yl, Y2, f. . 7 y,, are a disjoint collection of smooth Jordan curves on a parallel plane P, 
in R3. Then any two embedded homeomorphic compact connected minimal surfaces 
Ml and M2 in W3 with boundary curves cr, yI, . . . , y,, differ by an ambient isotopy in the 
region between PO and P, that is the identity on PO U P,. 
Proof. Clearly we may assume that PO is the xy plane and P, is a parallel plane. 
Consider the function H(x, y, z) = z given in Theorem 1. Then if HIM, and HIM2 are 
Morse functions, then because MI and M2 have nonpositive curvature the functions 
H/M, and H/M, only have critical points of index 1. Thus in the case HIM, and H/M2 
have no degenerate critical points, Theorem 1 implies corollary 2. 
If H/MI or H/M2 has a degenerate critical point, then it is easily seen that this 
critical point is a zero of the Gauss curvature on MI or M2 with normal vector 
-+ (O,O, 1). Since there are only a finite number of zeros of Gauss curvature on 
Ml U M2, one can perturb H in the region between PO and P, so that the level sets of 
the preturbed function H’ are topologically planes and H’IMI and H’(M, are Morse 
functions. It is easily seen, using the proof of Theorem 1, that this situation implies 
Ml and M2 are isotopic and proves the corollary. 
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COROLLARY 2. Suppose g: R3+13 is a smooth function such that the level sets g-‘(r) 
are connected and topologically spheres or planes except possibly one level set is a 
point. If M is a compact connected embedded smooth surface in IX3 without boundary 
and such that HIM is a Morse function with exactly one critical point of index 2, then 
M is isotopic to the standard embedding. 
Proof. Suppose for the moment that the level sets of g consist of planes. By 
general position arguments we may assume that g(M has exactly one global maximum 
p E M, one global minimum 4 E M. Consider the value Al = g(q) and the value 
A2 = g(p). For E > 0 and sufficiently small (g(M)-‘((AZ- E, ~0)) is a disk Dr and 
(g(M)-‘(( - 00, A1 + E)) is a disk &That these subsets of M are disks for some E > 0 
follows immediately from the fact that p and 4 are nondegenerate critical points of 
index 2 and 0, respectively. 
Now consider the surface M’ = M - (0, U 4) = (gJM)-‘(A, + E, A2 - E) lies in the 
region R = g-‘(Al + E, A2 - E). Since g/M’ is a Morse function on M’ with no critical 
points of index 2, the proof of Theorem 1 shows that M’ is standardly embedded in R 
up to isotopy. This immediately implies that the surface M is standardly embedded up 
to isotopy. 
In the case that the level sets of g consist of a point and spheres, a similar 
argument yields a surface M’ = (g/M)-‘(A, + E, A2 - E) = R and g(M’ has no critical 
points of index 2. In this case R is diffeomorphic with S* x [O, 11 and g(R has no 
critical points. It is straightforward to construct a smooth Jordan arc (Y: [O, l]+ 
R -M’ so that LY intersects each level set of g/R in exactly one point. Thus the level 
sets of gl(R - a) now consist entirely of planes and the argument given in Theorem 1 
shows that M’ is standardly embedded up to isotopy in R - a. This implies that M is 
standardly embedded in R3. This proves Corollary 2. 
COROLLARY 3. Suppose M is a compact connected embedded surface in R3 of genus 
g. If the total curvature $,(KJdA <4~(g +3), then M is isotopic to the standard 
embedding. 
Proof. If IuM(KJdA <4rr(g+3), then it is elementary to show that there exists a 
straight line L C R3 such that if P: R3 + L is orthogonal projection on L, then PIM is a 
Morse function with at most 2g + 4 critical points (see Ref. [4] for a proof). However, 
the Morse inequalities imply that PIM must have at most three critical points of index 
different from 1. Thus either P/M or (- P)IM is a Morse function with at most one 
critical point of index 2 and by the previous corollary M is standardly embedded in 
R3. 
COROLLARY 4. Suppose M is an embedded compact surface contained in the unit 
ball B3 C R3 such that y = (M fl aB3) is a Jordan curve which is the boundary of M. If 
there is no point p EM where the principal curvatures have the same sign and 
[K,(p)] 2 (K,(p)/ 2 1, then M is isotopic in B3, relative to y, to any standard embedding. 
Proof. Consider the function d: B3 +R3 which is d(x, y, z) = x2 + y* + z*. After a 
small perturbation of M or d, the hypothesis in Corollary 4 implies that the function 
d/M is a Morse function with no local maximums. The argument given in the proof of 
Corollary 2 implies that M is standardly embedded in B3 up to isotopy in B3. 
Remark. The Corollaries, 2-5 would also follow easily from the topological 
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uniqueness results of Morton in [14]. Morton’s results were found independently and 
are based on the topological uniqueness of Heegard splittings of the three sphere S3. 
The first topolgoical uniqueness result of the type proved here was given by Langevin 
and Rosenberg in [4]. 
For more general applications the following corollary is useful. 
COROLLARY 5. Let M, and M2 be diffeomorphic surfaces which satisfy the hypo- 
theses of theorem 1 except that 8M, and aM2 need not be the same or be on the same 
parallel planes PO and P,. Then M, and M2 are isotopic in W3. 
Proof. Using the general argument in the proof of the Theorem 1 it is sufficient to 
prove that M, is isotopic of some fixed “standard” example. By the proof of 
Assumption 4 in Theorem 1 we may assume that M, satisfies Assumptions 4 and 5. 
Furthermore we may assume that MI appears as in Fig. 2 near the plane PO. 
Suppose that aM, = {n, y2,. . , , yn, a} and 9 = {Dl, 4,. . . , D,} are the respective 
disks with boundary curves 3/i. Let K(M,) be the number of elements in the set 
S = {(i, j)ji# j and Di n Djic 0). If the collection of disks ‘3 is not pairwise disjoint, 
then there an index i such that Di+l C Di and the interior of Di+l is disjoint from M,. 
From Fig. 2 we may assume that M near PO looks like cylinders over JM together 
with a tube T connecting the curve yi+r to the cylinder over 7;. 
By an ambient isotopy (that is not the identity outside the region R between PO 
and PJ of M, which moves the tube T and fixes 8M - {n+l} we get a new surface M; 
satisfying the conditions of the corollary and such that aM; = (aM U k+l) - {n+l} with 
Ti+r being a small circle close to 3/i and disjoint from Di+l. It follows that K(Mi) = 
K(M,) - 1. 
We may apply the above argument and the induction principle to get a new surface 
a, isotopic to M1, satisfying the hypothesis of the corollary and the boundary of fi, 
consists of pairwise disjoint disks in PO. The proof the Assumption 4 in Theorem 1 
applies to tir to show that there exists a level preserving isotopy taking any such 
surface with boundaries on PO and PI to a standard such example. This proves the 
corollary. 
02. THE TOPOLOGICAL UNIQUENJBS OF MINIMAL SURFACES 
In this section we shall give a generalization of Corollary 4 in the previous section 
when the surface M is minimal and is contained in a sphere of positive mean 
curvature in R3. While the results hold in greater generality, for simplicity we 
essentially restrict ourselves to subsets of R3. We refer the reader to [5, 61 for similar 
arguments. 
PROPOSITION 1. Suppose M” is a flat compact n-dimensional manifold with a 
piecewise smooth boundary. If the interior angles of all non-smooth part of the 
boundary are less than IT and if the connected smooth parts of the boundary of M” 
have either zero or strictly positive mean curvature, then the induced map 
i,: r,(aM”)+ r,(M”) 
is onto unless the boundary is totally geodesic. 
Proof. In the case that M” has strictly positive Ricci curvature, a proof of the 
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above theorem was given by Lawson[5] in the stronger sense that i*: 7r,(~M”)+ 
n,(M”) is always onto. His use of a variation argument due to Synge does not work in 
the case of nonnegative Ricci curvature. In fact, i*: T,(JM”)+~~(M~) need not be 
onto when the boundary is totally geodesic. 
The condition that i*: ~,(diW’)+ a-,(M”) be onto is equivalent by elementary 
covering space theory to showing that the boundary ai@ of the universal covering 
space Z$’ of M” is path connected. By the compactness of M” and the application of 
the covering transformations which are isometries in the pulled back Riemannian 
metric, one can show that if ai@ is not path connected, then (1) there are two path 
components a, and a2 of the boundary aa” such that a2 is a closest boundary 
component to al, where the distance between two path components is defined to be 
the infimum of lengths of all piecewise smooth paths joining the boundary com- 
ponents; (2) there is a geodesic y: [0, d] +M” which realizes the minimal distance 
between a, and a2. 
Suppose r(O) = p E a, and y(d) = 4 E a2. Since M” is flat and y is locally a straight 
line in a ball in W”, a unique continuation argument proves that an e-neighborhood N 
of y embeds isometrically in R”. Since the interior angles at the non-smooth parts of 
the boundary of kn have interior angles less than 7~, we can be sure that p and 4 are 
regular points on the boundary. Hence for a sufficiently small E we have N fl a, and 
N n aI are smooth connected parts of the boundary. 
Now consider N as a subset of R” with y(t) = (O,O, . . . ,O, t). Now translate 
V = N n a, along the straight line y(t) until it intersects W = N ll &. Since p = r(O) 
and 4 = r(d) are points of least distance between V and W, the translated surface 
V’= v+(o,o,..., d) intersects W at the point 9 = (O,O, . . . , d) and near 4 we have 
that W is a graph over V’. Note that the mean curvature of V’ with respect to the inward 
normal to N at 9 is the negative of the corresponding point p on V. This is because 
translation is an isometry and the new normal vector field is the negative of the previous. 
If the mean curvature K”,(q) is negative or if the mean curvature K,(q) is 
positive, then elementary arguments (see Lemma 1 in 03 of Ref. [7]) give rise to a 
contradiction. Hence we may assume that Kv = 0 = Kv and KW = 0. 
The maximum principle for minimal hypersurfaces implies that V’ and W’ are 
equal in a small neighborhood of 4’. This minimum distance hypothesis implies that 
the lines parallel and close to y are all minimizing geodesics and hence are per- 
pendicular to V and W at all points. This implies that V and W are parts of parallel 
hyperplanes. 
The discussion in the previous paragraph implies that a neighborhood of pl on a, 
and a neighborhood of p2 on a2 are totally geodesic and “parallel”. In fact a 
continuation argument implies the entire piecewise smooth region R of a, which 
contains the point p is totally geodesic and of distance d from a*. Furthermore the 
minimal distance from points on R to a2 are achieved by a geodesic that is a parallel 
translate of the geodesic y. 
Therefore a nonsmooth corner of the region R also has distance d from dz. Since 
the interior angles on the corner points of a, are less than n, the minimum distance 
between a, and a2 can not occur at such a corner point. Thus R must be all of a,. It 
also follows that A is naturally isometric with a, x [0, d] with the product metric. This 
shows that the boundary of &f is totally geodesic contradicting our hypothesis and 
hence proves the theorem. 
Remark 1. The Mobius strip M with the flat metric is a good example of a flat 
manifold with totally geodesic boundary such that the image of the fundamental group 
of the boundary in the fundamental group of the Mobius strip has index two. A 
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more careful examination of the proof of the previous theorem shows that if the 
fundamental group of a totally geodesic boundary does not map onto the fundamental 
group of M”, then the image of the fundamental group has index two. For an 
orientable example one may consider a twisted interval bundle over the Klein bottle. 
Definition. Suppose I = {y,, -y2, . . . , 7”) are a collection of disjoint Jordan curves 
on the boundary of a three dimensional manifold M3. Let H be a compact connected 
embedded surface in M3 with boundary curves I. If H disconnects M3 into two 
pretzels or doughnuts, then H will be called a Heegard splitting or surface for M3 
with boundary curves in I. 
PROPOSITION 2. Suppose M is an embedded connected compact minimal surface 
with boundary contained in a ball in R3 with positive mean curvature on the boundary. 
If the boundary of M is a collection T = {y,, y2,. . . , y”} of smooth Jordan curves on 
the boundary sphere, then M is a Heegard splitting of the ball with boundary curves in 
r. 
Proof. In [7, 91 it is shown that M is transverse to the boundary of the ball. 
Elementary topological arguments imply that M disconnects the ball into two com- 
pact three dimensional manifolds M, and M2 with boundaries satisfying the hypo- 
theses in the previous theorem. Therefore the fundamental groups of the boundaries 
map onto the fundamental groups of the corresponding pieces. By Alexander’s 
theorem M, and M2 do not contain a fake three ball. A theorem of 
Papakyriakopoulous [lg] now shows that M, and M2 are pretzels. This proves the 
proposition. 
In the case M is an embedded minimal surface in S3, S2 x S’ with the product 
metric, or a flat torus T3, where M is not totally geodesic, it can be proved that M 
disconnects the three manifolds into pretzels ([5, 61). In the case of S3 or S2 x S’ 
Waldhausen has proved the deep fact that these decompositions or Heegard splittings 
are topologically unique up to isotopy. Hence embedded minimal surfaces of a given 
genus are isotopic in S3 and S2 x S’. 
Combining Waldhausen’s technique together with the above proposition, we can 
prove the following very beautiful uniqueness theorem. 
THEOREM 2. Suppose y is a smooth Jordan curve in R3 which lies on the boundary 
of a smooth three ball B3 with positive mean curvature. If f: M -+ B3 is an embedded 
minimal surface, then M is standardly embedded in B3 up to isotopy. In particular if 
M, and M2 are two embedded homeomorphic minimal surfaces in B3 with boundary y, 
then there is a homeomorphism h: B3 + B3 with h(M,) = M2 and hJ8B3 = idds3. 
Proof. By the previous proposition M, gives rise to a Heegard splitting of the ball 
B3 which has one boundary curve. It follows directly from the discussion ([20], p. 202) 
that such Heegard splittings are unique up to isotopy, which proves the theorem. 
Example 1. In Figs. 5(a) and (b) are two examples of stable minimal surfaces which 
bound the same Jordan curve on the unit sphere S2 and which have the same 
topology. These examples arise from joining parts of “catenoids” by thin bridges (see 
[9]). For fun the reader can try to prove directly that the two minimal surfaces are 
isotopic. 
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Example 2. The following “knotted” example of a minimal surface with boundary 
being three Jordan curves on the boundary of a convex box demonstrates that even 
though the minimal surface gives a Heegard splitting to the box, the surface need not 
be standardly embedded when there is more than one boundary curve. This example 
is constructed from three stable catenoids joined by thin bridges. 
Fig. 6. 
03. THE TOPOLOGY OF THE COMPLEMENTS OF CERTAIN PROPER EMBEDDED CODIMENSION- 
ONE SUBMANIFOLDS OF R" 
THEOREM 3. Let M be a complete proper codimension-one submanifold of R” 
which has non-positive sectional curvature with respect to the induced metric. If N is a 
component of R”-M, then N is diffeomorphic to an open regular neighborhood of a 
proper one-dimensional CW-subcomplex in R”. 
After a translation of M, we may suppose that the origin of R” is contained in the 
interior of N. Consider a small smooth perturbation d: R” +R of the distance function 
to the origin such that the level sets d-‘(t) consist of strictly convex spheres for t > 0 
and d-‘(O) is the origin. Furthermore, we shall consider a perturbation d which is a 
Morse function on M. We now examine the indices of the critical points of d[M. 
LEMMA 1. The indices of the critical points of d(M are zero and one. 
Proof of the lemma. The proof of the lemma will be by contradiction. Suppose 
there exists a point p that is a critical point of d(M of index greater than 1. It follows 
from the definition of the index that there is a two dimensional subspace VC T,M 
such that the Hessian of d(M at p is negative definite. 
Let W be the three dimensional affine subspace in R” generated by V and the 
normal space at p. Since the Hessian on V is negative, the surface X = W (l M near p 
has strictly positive Gaussian curvature considered as a surface in the three space W. 
Thus, the sectional curvature of the plane V = TPX is positive on the two dimensional 
submanifold X of M. 
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On the other hand, the second fundamental form of X in M is identically zero at 
the point p. The Gauss formula implies in this case that the sectional curvature of V 
in T,M equals the sectional curvature of V as a subspace of the tangent space to X at 
p which is positive. This contradiction proves the lemma. 
Proof of the theorem. Consider the function d on the closure 15 of N in R”. It is 
clear that the topology of N, = (d(N)-‘(( - m, r]) changes precisely at the critical 
points of d(M. The analysis of how the topology of N, changes at a nondegenerate 
critical point of d is well known and can be described as follows. 
Let T be the outward normal on N at a critical point p of index k of dlN. If 
(T, grad,(d)) is negative, then the topology of N, upon passing the critical point p, 
changes by attaching a k handle. If (T,grad,(d)) is positive, then the topology of tir 
does not change upon passing the point p. 
Lemma 1 together with the above description of how the topology changes shows 
that N is diffeomorphic to a regular neighborhood of a one-dimensional proper 
CW-subcomplex in R”. This completes the proof of the theorem. 
Remark. It is straightforward to see that the proof of Theorem 3 holds in the 
following greater generality. Suppose ( , ) is a complete metric on R” and suppose 
that for every p in R” there exists a unique geodesic joining p to the origin. Suppose 
also that the balls B, of distance r from the origin are strictly convex. Let A be the 
infimum of the sectional curvatures of JB, and suppose A is finite. Let M be a 
complete proper embedded codimension-one submanifold of R”. If the sectional 
curvature of M is less than or equal to A, then the result in Theorem 3 holds when the 
origin of R” is an element of M. 
For applications it’s important to note that the assumption of convexity of aB, 
implies A is greater than or equal to the infimum of the sectional curvatures of R” with 
the metric ( , ). Thus, for example, if ( , ) has sectional curvature C where K I C 5 
0, then the balls B, are convex and we may apply the proof of the theorem for M 
having sectional curvatures CM : K. If C is constant, then the sectional curvatures of 
JB, are greater than zero so the result holds for CM I 0. 
The following corollary gives an important case of the above theorem and the 
generalization discussed in the remark. 
COROLLARY. Let ( , ) be a complete metric on R3 with non-positive sectional 
curvature. If M is a complete proper embedded minimal surface in R3, then M 
disconnects R3 into regions that are diffeomorphic to regular neighborhoods of proper 
one dimensional CW-subcomplexes in R3. 
Proof of the corollary. From the above discussion it is sufficient to know that the 
sectional curvature at a point p of M is less than or equal to the sectional curvature of 
the tangent plane T,M in R3. This calculation follows directly from minimality and the 
Gauss formula which calculates the difference of sectional curvatures in terms of the 
second fundamental form on M. 
Remark. The above corollary can be generalized somewhat to include another 
interesting geometric case. Let ( , ) be a complete metric on R3 with non-positive 
sectional curvature. If M has non-negative mean curvature as the boundary of a 
region R of R3, then R is a regular neighborhood of a one-dimensional CW- 
subcomplex contained in R3. The proof of this generalization of the corollary is similar 
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to the proof of Theorem 3. It is sufficient to note that the perturbed distance function 
d in the lemma for Theorem 3 has no local maximum on the complement of R. This 
fact follows from an elementary geometric comparison of mean curvatures (see, e.g. 
([7], p. 19, Lemma 1). 
04. THE TOPOLOGICAL PLACEMENT OF PROPER EMBEDDED MINIMAL SURFACES IN R’ WHICH 
ARE OF FINITE TOPOLOGICAL TYPE 
THEOREM 4. Let M be a complete proper embedded surface in R3 which is 
diffeomorphic to a compact surface punctured in a finite number of points. Suppose 
that the distance function d: R3+R from the origin restricted to M is a Morse function 
with critical points of indice 0 and 1. Then there exists a large round ball B centered at 







There exists a component X of B n M such that M-X consists of annular ends 
M is isotopic relative to X to a new surface M’ which satisfies 
M’nB=X. 
The ends of M’ are standardly embedded up to isotopy in R3 - B relative to the 
M’ n aB. 
Proof. For any compact subset i@ of M there exists a regular value r of d/M so 
that i@ is contained in the ball B, of radius r centered at the origin. Letting fi be a 
compact subset of M whose complement consists of annular ends of M, there exists a 
large ball B in W3 centered at the origin such that fi C g and M is transverse to JB. 
Let X be the connected component of B n M which contains h;r. 
ASSERTION 1. M -2 consists of closed annular ends of M. 
Proof of Assertion 1. This assertion is equivalent to proving that X - i6 consists 
of closed annuli having one boundary curve on X and one boundary curve on fi 
Since X is the connected component of B n M containing fi and every component C 
of X-M is contained on an annular end of M, the component C has one boundary 
curve which is the boundary curve of an annular end and at least one boundary curve 
on ax. 
If the component C has more than two boundary curves, then there is a boundary 
curve in C which bounds a disk D on M. As this disk leaves the ball B, the distance 
function d has a local maximum on D which contradicts the assumptions on d in the 
statement of the theorem. This contradiction implies the assertion. 
A similar argument proves the following assertion. 
ASSERTION 2. Let C be a component of M - 2. If r = radius of B and R > r is a 
regular value of d/M, then W = (djC))‘([o, RI) h as a unique component with boundary 
curve &2 and this component is an annulus. The other components of Ware disks. 
With these preliminaries we are in a position to construct the required isotopy. For 
convenience we shall assume that the critical points of d IM have distinct critical 
values. Let W=M-X and c,<c*< . . . cc,< . . . be the critical values of d( W. 
After a diffeomorphism of the range of d, we may assume that the critical points of 
dl W lie sequentially at the values 10, 20,. . . , lOn, . . . 
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Consider the Jordan curve 
r” = {ala, ffz”, . . . a;,} c (dl W)-’ (10n + 1) 
which are the boundaries of the disks in Assertion 2 for R = 10n + 1. Let 0, = 
{O,“, . . . , O,“} be the annular regions in assertion 2 for R = 10n + 1. By the Jordan 
curve theorem the curves in r, bound disks in the sphere S, = G3, where B, = 
d_‘(( - 00, 10n + 11). 
ASSERTION 3. Every y E T, is the boundary of a unique disk D(y) in S,, - 6,. 
Proof of Assertion 3. Since we may assume that 0, is non-empty, uniqueness is 
clear. On the other hand, y is the boundary of a disk B’(y) in B, which is disjoint from 
the component M,, of M fl B, containing X. By Alexander’s theorem 6(y) dis- 
connects B, into two balls. Let B,(y) be the ball which does not contain M,. The 
intersection of B,(y) with S, is the required disk D(y). 
ASSERTION 4. Let M, be as above. Then there is an isotopy M’ of M that fixes M,_, and 
is the identity outside of B,. Furthermore, d[M’ has no critical points of index 2 and 
M’ II B,m, = M,_,. 
Proof. We will use the notation in the proof of Assertion 3. For every curve y in 
r, replace the disk B’(y) by D(r) pushed into a small neighborhood of cYB, in B, in 
such a way that the new surface M’ obtained is smooth and d restricted to the 
pushed in disk has a unique critical point and this critical point has index 0. The proof 
that M’ is isotopic to M follows by induction on the number of curves in r, and uses 
the fact that B,(X) and D(-y) bound balls. Starting with a smallest such ball, the 
replacing of disks involved reduces the number of curves to be considered (see also 
Assertion 2 in the proof of Theorem 1). Since these constructions are more or less 
standard, we leave the details to the reader to check. This proves the assertion. 
We now can apply Assertion 4 inductively starting with n = 2 to get a surface M’, 
then apply the assertion to M’ for n = 3 to get a new surface M”. Since every point p 
in M is contained in M, for n sufficiently large, the nth isotopy I,, of M leaves the 
point I,_,(p) fixed. Thus the isotopies inductively applied to M in the construction of 
the primed surfaces M” * * .’ converge on M to yield a new surface i6f. 
Let A, = B, - I?_,. The argument of case 2 in the proof of Assertion 2 of Theorem 
1 shows that after an isotopy of &f rl A, the new ti has no critical points in A,. 
Composing all of the above isotopies to M yields an M’ such that M’ satisfies the 
items (1) and (2) (i) of the theorem. Since dlM’ has no critical points outside B, 
(Iw3 - 8) - M’ has a product structure. As product structures are unique, the ends of M’ 
are standardly embedded in [w3 - 6 relative to M’ n 8B (see the proof of Theorem 4 in 
Ref. [21] for this type of application of product structures). This completes the proof of 
the theorem. 
COROLLARY. Suppose ( , ) is a complete metric on W3 with non-positive sectional 
curvature. Let M be a complete proper embedded minimal surface in R3 which is 
diffeomorphic to a compact surface punctured in a finite number of points. Then 
(1) If M has one end, then M is standardly embedded in W3. In particular, two such 
simply connected examples are isotopic. 
(2) If M is diffeomorphic to an annulus, then M is isotopic to the catenoid. 
Proof 
Theorem 
M is an 
splittings 
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of the corollary. Let B be the ball in the theorem. By the corollary to 
1, the surface X = M n B is standardly embedded in B if M has one end. If 
annulus, then X gives rise to a Heegard splitting of B. Such Heegard 
of the ball are standard up to isotopy by the usual application of Dehn’s 
lemma. The above theorem shows that the ends of M are standardly embedded in 
R3 - B. Thus M is standardly embedded up to isotopy which completes the proof of 
the corollary. 
Remark 1. As discussed in the remark after Theorem 3 the above corollary holds 
in much greater generality. For example one can replace “minimal” by “nonpositive 
Gaussian curvature” in the case the metric ( ) is flat. It follows from this remark and 
also directly from Theorem 3 that the following proper surface is not isotopic to a 
surface with nonpositive curvature. This example corresponds to the plane connected 
sum with a knotted torus. (See figure 7). 
Remark 2. Until now the only known examples of complete embedded proper 
minimal surfaces in R3 which are diffeomorphic to compact surfaces punctured in a 
finite number of points are the plane, the catenoid and the helicoid. Thus one of the 
outstanding problems in the classical theory of minimal surfaces is to find new 
examples. 
Complete minimally immersed surfaces with finite total curvature are all con- 
formally equivalent to compact Riemann surfaces punctured in a finite number of 
points by a theorem of Osserman[l7]. A rather complete topological study of these 
surfaces was carried out in [3]. 
In conclusion the author would like to pose three problems concerning the topolo- 
gical uniqueness of minimal surfaces in W3. He refers the reader to [7] for a discussion 
of these and other problems. A positive solution to Problem 1 gives a positive solution 
to Problem 2. 
Problem 1. Suppose I is a collection of disjoint Jordan curves on S* = 
{(x, y, z) E R3)x2 + y* + z* = 1). If Ml and M2 are embedded homeomorphic compact 
Fig. 7. 
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connected minimal surfaces in the unit ball B which have boundary r, then MI and 
A& are isotopic in B. 
Problem 2. If A4, and M2 are embedded triply periodic minimal surfaces in R3 or 
M, and M2 are embedded complete proper minimal surfaces of W3 which are 
diffeomorphic to a compact surface punctured in a finite number of points, then M, 
and M2 are isotopic in W3. 
Problem 3. Define an immersed surface to be locally tight if it is a local minimum 
for total curvature in the space of immersions. If M is an embedded locally tight 
closed surface in W3, then M is tight. In particular by Corollary 3 to Theorem 1, M is 
standardly embedded. 
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